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Abstract
Recently, Xie-Cao [15] obtained a Second Main Theorem for moving hypersur-
faces located in subgeneral position with index which is extended the result of Ru
[11]. By using some methods due to Son-Tan-Thin [13], Quang [9] and Xie-Cao [15],
we shall give a Schmidt’s Subspace Theorem for moving hypersurface targets in sub-
general position with index intersecting algebraic variety. Our result is a extension
the Schmidt’s Subspace Theorem due to Son-Tan-Thin [13] and Quang [9].
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1 Some definitions and result
Let k be an algebraic number field of degree d. Denote M(k) by the set of places (i.e.,
equivalent classes of absolute values) of k and write M∞(k) for the set of Archimedean
places. From v ∈ M(k), we choose the normalized absolute value |.|v such that |.|v = |.|
on Q (the standard absolute value) if v is archimedean, whereas for v non-archimedean
|p|v = p
−1 if v lies above the rational prime p. Denote by kv the completion of k with
respect to v and by dv = [kv : Qv] the local degree. We put ‖.‖v = |.|
dv/d
v . Then norm ||.||v
satisfies the following properties:
(i) ||x||v ≥ 0, with equality if and only if x = 0;
(ii) ||xy||v = ||x||v||y||v for all x, y ∈ k;
(iii) ||x1 + · · · + xn||v ≤ B
nv
v · max{||x1||v, . . . , ||xn||v} for all x1, . . . , xn ∈ k, n ∈ N,
where nv = dv/d, Bv = 1 if v is non-archimedean and Bv = n if v is archimedean.
Moreover, for each x ∈ k \ {0}, we have the following product formula:∏
v∈M(k)
‖x‖v = 1.
∗The first author is supported by the National Natural Science Foundation of China (#11871260).
†Corresponding author: Nguyen Van Thin.
1
For v ∈M(k), we also extend ‖.‖v to an absolute value on the algebraic closure kv.
For x ∈ k, the logarithmic height of x is defined by h(x) =
∑
v∈M(k) log
+ ‖x‖v,
where log+ ‖x‖v = logmax{‖x‖v, 1}. For x = [x0 : · · · : xM ] ∈ P
M(k), we denote
x = (x0, . . . , xM) ∈ k
M+1. We set ‖x‖v = max0≤i≤M ‖xi‖v, and define the logarithmic
height of x by
h(x) =
∑
v∈M(k)
log ‖x‖v. (1.1)
For a positive integer d, we set
Td :=
{
(i0, . . . , iM) ∈ N
M+1
0 : i0 + · · ·+ iM = d
}
.
Let Q be a homogeneous polynomial of degree d in k[x0, . . . , xM ]. We write
Q =
∑
I∈Td
aIx
I .
A (fixed) hypersurface D of degree d in PM(k) is the zero set of a homogeneous polynomial
Q, that is
D = {(x0 : · · · : xM ) ∈ P
M(k) : Q(x0, . . . , xn) = 0}.
Set ‖Q‖v :=
∑
I∈Td
‖aI‖v. The height of Q (or D) is denoted by h(Q) (or h(D)) and given
by
h(Q) :=
∑
v∈M(k)
log ‖Q‖v.
Let D be a hypersurface which is defined by the zero of homogeneous polynomial Q. For
each v ∈ M(k), the Weil function λD,v is defined by
λD,v(x) := log
‖x‖dv · ‖Q‖v
‖Q(x)‖v
, x ∈ PM(k) \D.
Let Λ be an infinite index set. We call a moving hypersurface D in PM(k) of degree
d, indexed by Λ is collection of hypersurfaces {D(α)}α∈Λ which are defined by the zero
of homogeneous polynomials {Q(α)}α∈Λ in k[x0, . . . , xM ] respectively. Then, we can write
Q =
∑
I∈Td
aIx
I , where aI ’s are functions from Λ into k having no common zeros points,
and called it by moving homogeneous polynomial.
Throughout this paper, we consider an infinite index Λ; a set Q := {D1, . . . , Dq} of
moving hypersurfaces in PM(k), indexed by Λ, which are defined by the zero of moving
homogeneous polynomials {Q1, . . . , Q1} in k[x0, . . . , xM ] respectively, an arbitrary projec-
tive variety V ⊂ PM(k) of dimension n generated by the homogeneous ideal I(V ). We
write
Qj =
∑
I∈Tdj
aj,Ix
I (j = 1, . . . , q), where dj = degQj .
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Let A ⊂ Λ be an infinite subset and denote by (A, a) each set-theoretic map a : A→ k.
Denote by R0A the set of equivalence classes of pairs (C, a), where C ⊂ A is a subset with
finite complement and a : C → k is a map; and the equivalence relation is defined as
follows: (C1, a1) ∼ (C2, a2) if there exists C ⊂ C1 ∩C2 such that C has finite complement
in A and a1|C = a2|C. Then R
0
A has an obvious ring structure. Moreover, we can embed
k into R0A as constant functions.
Definition 1.1. For each j ∈ {1, . . . , q}, we write Tdj = {Ij,1, . . . , Ij,Mdj}, where Mdj :=(
dj+M
M
)
. A subset A ⊂ Λ is said to be coherent with respect to Q if for every polynomial
P ∈ k[x1,1, . . . , x1,Md1 , . . . , xq,1, . . . , xq,Mdq ] that is homogeneous in xj,1, . . . , xj,Mdj for each
j = 1, . . . , q, either
P (a1,I1,1(α), . . . , a1,I1,Md1
(α), . . . , aq,Iq,1(α), . . . , aq,Iq,Mdq
(α)) vanishes for all α ∈ A or it
vanishes for only finitely many α ∈ A.
By [12, Lemma 2.1], there exists an infinite coherent subset A ⊂ Λ with respect to
Q. For each j ∈ {1, . . . , q}, we fix an index Ij ∈ Tdj such that aj,Ij 6≡ 0 (this means that
aj,Ij(α) 6= 0 for all, but finitely many, α ∈ A), then
aj,I
aj,Ij
defines an element of R0A for any
I ∈ Tdj . This element given by the following function:
{α ∈ A : aj,Ij(α) 6= 0} → k, α 7→
aj,I(α)
aj,Ij(α)
.
Moreover, by coherent, the subring of R0A generated over k by such all elements is an
integral domain [8, page 3]. We define RA,Q to be the field of fractions of that integral
domain.
Denote by A the set of all functions {α ∈ A : aj,Ij(α) 6= 0} → k, α 7→
aj,I (α)
aj,Ij (α)
and kQ
the set of all formal finite sum
∑s
m=1 tm
∏s
i=1 c
ni
i , where tm ∈ k, ci ∈ A, ni ∈ N.
Each pair (̂b, ĉ) ∈ k2Q, (cˆ(α) 6= 0 for all, but finitely many, α ∈ A) defines a set-theoretic
function, denoted by bˆ
cˆ
, from {α : ĉ(α) 6= 0} to k, b̂
ĉ
(α) := b̂(α)
ĉ(α)
. Denote by R̂A,Q the set of all
such functions. Each element a ∈ RA,Q is a class of some functions â in R̂A,Q.We call that
â is a special representative of a. It is clear that for any two special representatives â1, â2
of the same element a ∈ RA,Q, we have â1(α) = â2(α) for all, but finitely many α ∈ A. For
a polynomial P :=
∑
I aIx
I ∈ RA,Q[x0, . . . , xM ], assume that âI is a special representative
of aI . Then P̂ :=
∑
I aˆIx
I is called a special representative of P. For each α ∈ A such that
all functions âI ’s are well defined at α, we set P̂ (α) :=
∑
I aˆI(α)x
I ∈ k[x0, . . . , xM ]; and
we also say that the special representative P̂ is well defined at α. Note that each special
representative P̂ of P is well defined at all, but finitely many, α ∈ A. If P̂1, P̂2 are two
special presentatives of P, then P̂1(α) = P̂2(α) for all, but finitely many A.
Definition 1.2. A sequence of points x = [x0 : · · · : xM ] : Λ → V is said to be
V−algebraically non-degenerate with respect to Q if for each infinite coherent subset A ⊂ Λ
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with respect to Q, there is no homogeneous polynomial P ∈ RA,Q[x0, . . . , xM ] \ IA,Q(V )
such that P̂ (α)(x0(α), . . . , xM (α)) = 0 for all, but finitely many, α ∈ A for some (then
for all) representative P̂ of P, where IA,Q(V ) is the ideal in RA,Q[x0, . . . , xM ] genarated
by I(V ).
Definition 1.3. Let m ≥ n be a positive integer. We say that the family moving hy-
persurfaces Q is in m-strictly subgeneral position with respective to V if for any subset
I ⊂ {1, . . . , q} with #I ≤ m+ 1,
dim
(
∩i∈I Di(α) ∩ V (k)
)
≤ m−#I
for all, but finitely many α ∈ Λ, where k is the algebraic closure of k.
From Definition 1.3, we get
Remark 1.4. Let m ≥ n be a positive integer. The family moving hypersurfaces Q is in
m-strictly subgeneral position with respective to V implies that for each 1 ≤ j0 < · · · <
jm ≤ q, q ≥ m+ 1, the system of equations
Qji(α)(x0, . . . , xM) = 0, 0 ≤ i ≤ m
has no solution (x0, . . . , xM) satisfying (x0 : · · · : xM) ∈ V (k), for all, but finitely many
α ∈ Λ. It means that Q is in m-subgeneral position with respective to V.
Definition 1.5. Let κ be a positive integer such that κ ≤ dimV. We say that the family
moving hypersurfaces Q is in m-strictly subgeneral position with index κ in V if Q is in
m-strictly subgeneral position with respective to V and for any subset I ⊂ {1, . . . , q} such
that #I ≤ κ,
codim
(
∩i∈I Di(α) ∩ V (k)
)
≥ #I
for all, but finitely many α ∈ Λ. Here we set dim ∅ = −∞.
In 1997, Ru-Vojta [12] established the following Schmidt subspace theorem for the case
of moving hyperplanes in projective spaces.
Theorem A. Let k be a number field and let S ⊂ M(k) be a finite set containing all
archimedean places. Let Λ be an infinite index set and let H := {H1, . . . , Hq} be a set of
moving hyperplanes in PM(k), indexed by Λ. Let x = [x0 : · · · : xM ] : Λ → P
M(k) be a
sequence of points. Assume that
(i) x is linearly nondegenerate with respect to H, which mean, for each infinite coherent
subset A ⊂ Λ with respect to H, x0|A, . . . , xM |A are linearly independent over RA,H,
(ii) h(Hj(α)) = o(h(x(α))) for all α ∈ Λ and j = 1, . . . , q (i.e. for all δ > 0,
h(Hj(α)) 6 δh(x(α)) for all, but finitely many, α ∈ Λ).
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Then, for any ε > 0, there exists an infinite index subset A ⊂ Λ such that∑
v∈S
max
K
∑
J∈K
λHj(α),v(x(α)) ≤ (M + 1 + ε)h(x(α))
holds for all α ∈ A. Here the maximum is taken over all subsets K of {1, . . . , q}, #K =
M + 1 such that Hj(α), j ∈ K are linearly independent over k for each α ∈ Λ.
One of the most important developments in recent years in Diophantine approxima-
tion is Schmidt’s subspace theorems for fixed hypersurfaces of Corvaja-Zannier [4] and
Evertse-Ferretti [6, 7]. Motivated by their paper, Ru [10, 11] obtained important results
on the Second Main Theorem for fixed hypersurfaces. Later, Dethloff-Tan [5] generalized
these Second Main Theorems of Ru to the case of moving results. Basing on method of
Dethloff-Tan [5], Chen-Ru-Yan [2] and Le [8] extended Theorem A to the case of moving
hypersurfaces in the projective spaces. In 2019, Dethloff-Tan [3] extended the result of Ru
[11] for moving target. Via Vojta’s dictionary, the Second Main Theorem in Nevanlinna
theory corresponds to Schmidt’s Subspace Theorem in Diophantine approximation. In
2018, Son-Tan-Thin [13] gave the counterpart of Second Main Theorem due to Dethloff-
Tan [3] in Diophantine approximation. In 2018, Quang [9] obtainted the Schmidt’s sub-
space theorem for moving hypersurface in subgeneral position. In 2019, Xie-Cao [15] have
been obtained the Second Main Theorem for moving hypersurfaces located in subgeneral
position with index.
In this paper, by using some methods due to Son-Tan-Thin [13] and Quang [9], Xie-
Cao [15], we give a Schmidt’s Subspace Theorem for moving hypersurfaces inm-subgeneral
position with index κ as follows:
Theorem 1.6. Let k be a number field and let S ⊂ M(k) be a finite set containing all
archimedean places. Let x = [x0 : · · · : xM ] : Λ→ V be a sequence of points. Assume that
(i) Q is in m-strictly subgeneral position with index κ in V and x is V− algebraically
nondegenerate with respect to Q;
par
(ii) h(Dj(α)) = o(h(x(α))) for all α ∈ Λ and j = 1, . . . , q (i.e. for all δ > 0,
h(Dj(α)) 6 δh(x(α)) for all, but finitely many, α ∈ Λ).
Then, for any ε > 0, there exists an infinite index subset A ⊂ Λ such that
∑
v∈S
q∑
j=1
d−1j λDj(α),v(x(α)) ≤
((
m− n
max{1,min{m− n, κ}}
+ 1
)
(n+ 1) + ε
)
h(x(α))
holds for all α ∈ A.
Remark 1.7. (i) By replacing Qj by Q
d
dj
j , where d = lcm{d1, . . . , dq}, in Theorem 1.6, we
may assume that D1, . . . , Dq have the same degree d.
(ii) By replacing Qj =
∑
I∈Td
aj,Ix
I by Q′j =
∑
I∈Td
ajI
ajIj
xI , in Theorem 1.6, we may
assume that Qj ∈ RA,Q[x0, . . . , xM ].
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Our result is a extension the Schmidt’s Subspace Theorem due to Son-Tan-Thin [13]
and Quang [9].
2 Some Lemmas
We write
Qj =
∑
I∈Td
ajIx
I , (j = 1, . . . , q).
Let A ⊂ Λ be an infinity coherent subset with respect to Q. For each j ∈ {1, . . . , q}, we
fix an index Ij ∈ Td such that aj,Ij 6≡ 0 (this means that aj,Ij(α) 6= 0 for all but finitely
many α ∈ A), then
ajI
ajIj
defines an element of R0A for any I ∈ Td. Set
Q′j =
∑
I∈Td
ajI
ajIj
xI , (j = 1, . . . , q).
Let t = (. . . , tjI , . . . ) be a family of variables. Set
Q˜j =
∑
I∈Td
tjIx
I ∈ k[t, x].
We have Q˜j(. . . ,
ajI
ajIj
(α), . . . , x0, . . . , xM) = Q
′
j(α)(x0, . . . , xM ) for all α ∈ A outside a
finite subset.
Assume that the ideal I(V ) of V is generated by homogeneous polynomials P1, . . . ,Ps.
Since Q is in m-subgeneral position on V , for each J := {j0, . . . , jm} ⊂ {1, . . . , q}, there
is a subset AJ ⊂ A with finite complement such that for all α ∈ AJ , the homogeneous
polynomials
P1, . . . ,Ps, Q
′
j0
(α), . . . , Q′jm(α) ∈ k[x0, . . . , xM ]
have no common non-trivial solutions in k
M+1
. Denote by
k[t](P1, . . . ,Ps, Q˜j0, . . . , Q˜jm)
the ideal in the ring of polynomials in x0, . . . , xM with coefficients in k[t] generated by
P1, . . . ,Ps, Q˜j0, . . . , Q˜jm. A polynomial R˜ in k[t] is called an inertia form of the polynomials
P1, . . . ,Ps, Q˜j0, . . . , Q˜jm
if it has the following property:
xNi · R˜ ∈ k[t](P1, . . . ,Ps, Q˜j0, . . . , Q˜jm)
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for i = 0, . . . ,M and for some non-negative integer N (see e.g. [14]). It follows from the
definition that the set I of inertia forms of polynomials P1, . . . , Ps, Q˜j0 , . . . , Q˜jm is an
ideal in k[t].
It is well known that (s+m+ 1) homogeneous polynomials
Pi(x0, . . . , xM), Q˜j(. . . , tjI , . . . , x0, . . . , xM), i ∈ {1, . . . , s},
j ∈ J have no common non-trivial solutions in x0, . . . , xM for special values t
0
jI of tjI if and
only if there exists an inertia form R˜J
t0jI
such that R˜
t0jI
J (. . . , t
0
jI , . . . ) 6= 0 (see e.g. [14, page
254]). For each α ∈ AJ , choose R˜J
α
∈ I with respect to the special values tαjI :=
ajI
ajIj
(α).
Set RαJ := R˜
α
J (. . . ,
ajI
ajIj
, . . . ). Then RαJ is a special presentative of an element RA,Q. By
construction, we have
RαJ (α) 6= 0 for all α ∈ AJ (and hence, for all, but finitely many, α ∈ A). (2.1)
Since k[t] is Noetherian, I is generated by finite polynomials R˜J1, . . . , R˜Jp. For each α,
we write R˜J
α
=
∑p
ℓ=1 G˜
α
ℓ R˜Jℓ , G˜
α
ℓ ∈ k[t]. We have that G
α
ℓ := G˜
α
ℓ (. . . ,
ajI
ajIj
, . . . ), and
RJℓ := R˜Jℓ(. . . ,
ajI
ajIj
, . . . ) are special representatives of elements in RA,Q. It is clear that
RαJ =
∑p
ℓ=1G
α
ℓRJℓ. Hence, by (2.1), we have
0 6= RαJ (α) =
p∑
ℓ=1
Gαℓ (α)RJℓ(α)
for all, but finitely many α ∈ A. Therefore, there is ℓ0 ∈ {1, . . . , p} such that
RJℓ0 (α) 6= 0 for all, but finitely many α ∈ A. (2.2)
Furthermore, by the definition of the inertia forms, there are a non-negative integer N,
polynomials biℓ ∈ RA,Q[x0, . . . , xM ] with deg bijk = N − d and deg biℓ = N − degPℓ such
that
RJℓ0 · x
N
i =
m∑
k=0
bijk ·Q
′
jk
+
s∑
ℓ=1
biℓ · Pℓ, (2.3)
for all 0 ≤ i ≤M .
Let x : Λ→ V ⊂ PM(k) be a map. A map (C, a) ∈ R0A is called small with respect to
x if and only if
h(a(α)) = o(h(x(α))),
which means that, for every ε > 0, there exists a subset Cε ⊂ C with finite complement
such that h(a(α)) ≤ εh(x(α)) for all α ∈ Cε. We denote by Kx the set of all such small
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maps. Then, K
x
is subring of R0A. It is not an entire ring, however, if (C, a) ∈ Kx and
a(α) 6= 0 for all but finitely α ∈ C, then we have (C \ {α : a(α) = 0},
1
a
) ∈ K
x
. Denote by
C
x
the set of all positive functions g defined over Λ outside a finite subset of Λ such that
log+(g(α)) = o(h(x(α))).
Then C
x
is a ring. Moreover, if (C, a) ∈ K
x
, then for every v ∈ M(k), the function
||a||v : C → R
+ given by α 7→ ||a(α)||v belongs to Cx. Furthermore, if (C, a) ∈ Kx and
a(α) 6= 0 for all but finitely α ∈ C, the function g : {α|a(α) 6= 0} 7→
1
||a(α)||v
also belongs
to C
x
.
From (2.2) and (2.3), similarly to Lemma 2.2 in [8], under the assumption of Theorem
1.6 and Remark 1.7, we have the following result.
Lemma 2.1. Let A ⊂ Λ be coherent with respect to Q. Suppose that Q is in m−subgeneral
position with respective to V. Then for each J ⊂ {1, . . . , q} with |J | = m + 1, there are
functions l1,v, l2,v ∈ Cx such that
l2,v(α)||x(α)||
d
v ≤ max
j∈J
||Qj(α)(x(α))||v ≤ l1,v(α)||x(α)||
d
v
for all α ∈ A ouside finite subset and all v ∈ S.
For each positive integer ℓ and for each vector sub-space W in k[x0, . . . , xM ] (or in
RA,Q[x0, . . . , xM ]), we denote by Wℓ the vector space consisting of all homogeneous poly-
nomials in W of degree ℓ (and of the zero polynomial).
By the usual theory of Hilbert polynomials, for N >> 0, we have
HV (N) := dimk
k[x0, . . . , xM ]N
I(V )N
= dimk
k[x0, . . . , xM ]N
I(V (k))N
= deg V.
Nn
n!
+O(Nn−1).
Using the method in the proof of [9, Lemma 3.1 ] and [15, Lemma 3.3], we get the
result as follow:
Lemma 2.2. Let Q1, . . . , Qm+1 be homogeneous polynomials in R
0
Λ[x0, . . . , xM ] of the
same degree d ≥ 1, in m−subgeneral position with index κ in V. Then for an infinitely
subset A ⊂ Λ which is coherent with respect to {Q1, . . . , Qm+1}, there exists n homogeneous
polynomials P1 = Q1, . . . , Pκ = Qκ, Pκ+1, . . . , Pn+1 in R
0
Λ[x0, . . . , xM ] of the form
Pt =
m−n+t∑
j=κ+1
ctjQj , ctj ∈ k, t = κ+ 1, . . . , n+ 1,
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such that the system of equations
Pt(α)(x0, . . . , xM) = 0, 1 ≤ t ≤ n+ 1
has no solution (x0, . . . , xM) satisfying (x0 : · · · : xM) ∈ V (k), for all α ∈ Λ outside a
finite subset of Λ.
Proof. We assume that Qi (1 ≤ i ≤ m+ 1) has the following form:
Qi =
∑
I∈Td
ai,Ix
I .
By the definition of m-strictly subgeneral position, there exists an infinite subset A′ of A
with finite complement such that, for all α ∈ A′, the system of equations
Qi(α)(x0, . . . , xM) = 0, 1 ≤ 1 ≤ m+ 1,
has only the trivial solution (0, . . . , 0) in k. We note that A′ is coherent with respect to
{Qi}
m+1
i=1 . Replacing A by A
′ if necessary, we may assume that A′ = A. We fix α0 ∈ A. For
each homogeneous polynomial Q ∈ k[x0, . . . , xM ], we will denote
D∗ = {(x0 : · · · : xM) ∈ P
M(k) : Q(x0, . . . , xM) = 0}.
Setting P1 = Q1, . . . , Pκ = Qκ, we build Pκ+1, . . . , Qn+1 as follows. First we see that
dim
(
∩ti=1D
∗
i (α0) ∩ V (k)
)
≤ m− t for t = m− n+ κ + 1, . . . , m+ 1,
where dim ∅ = −∞ and for any 1 ≤ l ≤ κ, we have
dim
(
∩lj=1 D
∗
j (α0) ∩ V (k)
)
= n− l.
Indeed, it is obvious dim
(
∩κj=1D
∗
j (α0)∩V (k)
)
≥ n− l, and by the definition of m-strictly
subgeneral position with index κ, we get dim
(
∩lj=1D
∗
j (α0)∩V (k)
)
≤ n− l. In particular,
we have
dim
(
∩κj=1 D
∗
j (α0) ∩ V (k)
)
= n− κ.
Step 1. We will construct Pκ+1 as follows. For each irreducible component Γ of
dimension n− κ of ∩κj=1D
∗
j (α0) ∩ V (k), we put
V1Γ =
{
c = (cκ+1, . . . , cm−n+κ+1) ∈ k
m−n+1,Γ ⊂ D∗c (α0), where Qc =
m−n+κ+1∑
j=κ+1
cjQj
}
.
9
Then V1Γ is a subspace of k
m−n+1. Since
dim
(
∩m−n+κ+1i=1 D
∗
i (α0) ∩ V (k)
)
≤ n− κ− 1,
there exists i ∈ {κ+1, . . . , m−n+κ+1} such that Γ 6⊂ D∗i (α0). Since the set of irreducible
components of dimension n− κ of ∩κj=1D
∗
j (α0) ∩ V (k) is at most countable, we have
km−n+κ \ ∪ΓV1Γ 6= ∅.
Hence there exists (c1(κ+1), . . . , c1(m−n+κ+1)) ∈ k
m−n+1 such that Γ 6⊂ D∗κ+1(α0) for all
irreducible components of dimension n− κ of ∩κj=1D
∗
j (α0) ∩ V (k), where
Pκ+1 =
m−n+κ+1∑
j=κ+1
c1(j)Qj.
This clearly implies that
dim
(
∩κ+1i=1 D
∗
i (α) ∩ V (k)
)
≤ n− κ− 1. (2.4)
Certainly, we have
dim
(
∩κ+1i=1 D
∗
i (α) ∩ V (k)
)
≥ n− κ− 1. (2.5)
From (2.4) and (2.5), we get
dim
(
∩κ+1i=1 D
∗
i (α) ∩ V (k)
)
= n− κ− 1. (2.6)
Step 2. We will construct Pκ+2 as follows. For each irreducible component Γ
′ of
dimension n− κ− 1 of ∩κ+1j=1D
∗
j (α0) ∩ V (k), we put
V1Γ′ =
{
c = (cκ+1, . . . , cm−n+κ+2) ∈ k
m−n+2,Γ′ ⊂ D∗c (α0), where Qc =
m−n+κ+2∑
j=κ+1
cjQj
}
.
Then V1Γ′ is a subspace of k
m−n+2. Since
dim
(
∩m−n+κ+2i=1 D
∗
i (α0) ∩ V (k)
)
≤ n− κ− 2,
there exists i ∈ {κ+1, . . . , m−n+κ+2} such that Γ 6⊂ D∗i (α0). Since the set of irreducible
components of dimension n− κ− 1 of ∩κ+1j=1D
∗
j (α0) ∩ V (k) is at most countable, we have
km−n+κ+1 \ ∪Γ′V1Γ′ 6= ∅.
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Hence there exists (c2(κ+1), . . . , c2(m−n+κ+2)) ∈ k
m−n+2 such that Γ′ 6⊂ D∗κ+2(α0) for all
irreducible components of dimension n− κ− 1 of ∩κj=1D
∗
j (α0) ∩ V (k), where
Pκ+2 =
m−n+κ+2∑
j=κ+1
c2(j)Qj.
This clearly implies that
dim
(
∩κ+2i=1 D
∗
i (α0) ∩ V (k)
)
≤ n− κ− 2
and we also have
dim
(
∩κ+2i=1 D
∗
i (α0) ∩ V (k)
)
= n− κ− 2.
Repeat again the above steps, after (n + 1 − κ)-th step, we get the hypersurface
Pκ+1, . . . , Pn+1 satisfying
dim
(
∩ti=1 D
∗
i (α0) ∩ V (k)
)
≤ n− t
for all t = κ+ 1, . . . , n+ 1. In particular,
∩n+1i=1 D
∗
i (α0) ∩ V (k) = ∅. (2.7)
We denote R by the inertia form of P1, . . . ,Ps, P˜1, . . . , P˜n+1. As in (2.2) and (2.7), we see
that R(α0) 6= 0. By the property coherent of A, it implies that R(α) 6= 0 for all α ∈ A
outside a finite set. By property of inertia form, we have
∩n+1i=1 D
∗
i (α) ∩ V (k) = ∅ (2.8)
for all α ∈ A outside a finite set.
Note that ctj does not depend on Λ for all t = 2, . . . , n+ 1 and j = 2, . . . , m+ 1, then
Pt[x0, . . . , xM ] ∈ RA,Q[x0, . . . , xM ] for t = 1, . . . , n + 1. We denote IA,Q(V ) the ideal in
RA,Q[x0, . . . , xM ] generated by the elements in I(V ). It is clear that IA,Q(V ) is also the
sub-vector space of RA,Q[x0, . . . , xM ] generated by I(V ).
We use the lexicographic order in Nn0 and for I = (i1, . . . , in), set ‖I‖ := i1 + · · ·+ in.
Definition 2.3. For each I = (i1, · · · , in) ∈ N
n
0 and N ∈ N0 with N ≥ d‖I‖, denote by
LIN the set of all γ ∈ RA,Q[x0, . . . , xM ]N−d‖I‖ such that
P i11 · · ·P
in
n γ −
∑
E=(e1,...,en)>I
P e11 · · ·P
en
n γE ∈ IA,Q(V )N .
for some γE ∈ RA,Q[x0, . . . , xM ]N−d‖E‖.
Denote by LI the homogeneous ideal in RA,Q[x0, . . . , xM ] generated by ∪N≥d‖I‖L
I
N .
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Remark 2.4. i) LIN is a RA,Q-vector sub-space of RA,Q[x0, . . . , xM ]N−d‖I‖, and
(I(V ), P1, . . . , Pn)N−d‖I‖ ⊂ L
I
N ,
where (I(V ), P1, . . . , Pn) is the ideal in RA,Q[x0, . . . , xM ] generated by I(V )∪{P1, . . . , Pn}.
ii) For any γ ∈ LIN and P ∈ RA,Q[x0, . . . , xM ]k, we have γ · P ∈ L
I
N+k
iii) LI ∩ RA,Q[x0, . . . , xM ]N−d‖I‖ = L
I
N .
iv)
RA,Q[x0,...,xM ]
LI
is a graded module over the graded ring RA,Q[x0, . . . , xM ].
v) If I1 − I2 = (i1,1 − i2,1, . . . , i1,n − i2,n) ∈ N
n
0 , then L
I2
N ⊂ L
I1
N+d||I1||−d||I||2
. Hence
LI2 ⊂ LI1.
Using Definition 2.3, by arguments as [13], we get the following result.
Lemma 2.5. [13] For all N >> 0 divisible d, there are homogeneous polynomials φ1,
. . . , φHV (N) in RA,Q[x0, . . . , xM ]N such that they form a basis of the RA,Q-vector space
RA,Q[x0,...,xM ]N
IA,Q(V )N
, and
HV (N)∏
j=1
φj −
(
P1 · · ·Pn
) degV ·Nn+1
d·(n+1)!
−u(N)
· P ∈ IA,Q(V )N ,
where u(N) is a function satisfying u(N) 6 O(Nn), P ∈ RA,Q[x0, . . . , xM ] is a homoge-
neous polynomials of degree
N ·HV (N)−
n · deg V ·Nn+1
(n + 1)!
+ u(N) =
deg V ·Nn+1
(n+ 1)!
+O(Nn).
3 Proof of Theorem 1.6
Proof. By [2, Lemma 2.1 ], there exists an infinite index subset A ⊂ Λ which is coherent
with respect to Q. By Remark 1.7, we may assume that the polynomials Qj ’s have the
same degree d ≥ 1 and their coefficients belong to the field RA,Q. By the fact that for any
infinite subset B of A, then B is also coherent with respect to Q and RB,Q ⊂ RA,Q, in our
proof, we may freely pass to infinite subsets. For simplicity, we still denote these infinite
subsets by A. We set
J = {(i1, . . . , im+1); 1 ≤ ij ≤ q for j = 1, . . . , q, i1, . . . , im+1 distinct}.
For each J = (i1, . . . , im+1) ∈ J , we denote by PJ,1 . . . , PJ,n+1 the moving homogeneous
polynomials obtained in Lemma 2.2 with respective to the family of moving hypersurfaces
{Qi1, . . . , Qim+1}. It is easy to see that, for each v ∈ S, there exists a positive function
hv ∈ Cx such that
||PJ,t(x(α))||v ≤ hv(α) max
1≤j≤m−n+t
||Qij (x(α))||v (3.1)
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for all α ∈ A outside a finite subset, for all t = κ+1, . . . , n+1. Here, the function hv may
choose common for all J ∈ J . From the assumption, for each a ∈ RA,Q, and v ∈ M(k),
we have, for all α ∈ A,
log ||a(α)||v ≤
∑
v∈M(k)
log+ ||a(α)||v = h(a(α)) ≤ o(h(x(α))). (3.2)
For each v ∈ S, and α ∈ A, there exist a subset J(v, α) = {i1(v, α), . . . , iq(v, α)} of
{1, . . . , q} such that
||Qi1(v,α)(α)(x(α))||v ≤ ||Qi2(v,α)(α)(x(α))||v . . . ≤ ||Qiq(v,α)(α)(x(α))||v.
We have J(v, α) = (i1(v, α), . . . , im+1(v, α)) ⊂ J . Denote by PJ(v,α),1, . . . , PJ(v,alpha),n+1
by the moving homogeneous polynomials obtained in Lemma 2.2 and by DJ(v,α),j the
hypersurface defined by PJ(v,α),j , j = 1, . . . , n + 1. Note that, we may freely pass to
infinite subsets, then we may assume DJ(v,α),1, . . . , DJ(v,α),n+1 are in general position with
respective V. Apply to Lemma 2.1 for Q = {DJ(v,α),1, . . . , DJ(v,α),n+1}, and using (3.1),
there exist functions g
J(v,α)
0,v , g
J(v,α)
v ∈ Cx (depend on l2,v) such that
||x(α)||dv ≤ g
J(v,α)
0,v (α) max
1≤j≤n+1
||PJ(v,α),j(α)(x(α))||v ≤ g
J(v,α)
v (α)||Qim+1(α)(x(α))||v. (3.3)
Therefore, from (3.3), we get
q∏
i=1
||x(α)||dv
||Qi(α)(x(α))||v
(3.4)
≤ (gJ(v,α)v )
q−m(α)
m∏
j=1
||x(α)||dv
||Qij(v,α)(α)(x(α))||v
= (gJ(v,α)v )
q−m(α)
||x(α)||mdv∏κ
j=1 ||Qij(v,α)(α)(x(α))||v
∏m−n+κ
j=κ+1 ||Qij(v,α)(α)(x(α))||v
×
1∏m
j=m−n+κ+1 ||Qij(v,α)(α)(x(α))||v
≤ (gJ(v,α)v )
q−m(α)hn−κ−1v (α)
||x(α)||mdv∏n
j=1 ||PJ(v,α),j(α)(x(α))||v
∏m−n+κ
j=κ+1 ||Qij(v,α)(α)(x(α))||v
.
From (3.4), we get
q∑
i=1
λDi(α),v(x(α)) ≤
n∑
j=1
λDJ(v,α),j,v(x(α)) +
m−n∑
j=1
λDJ(v,α),j,v(x(α)) + o(h(x(α))) (3.5)
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if m− n ≤ κ and
q∑
i=1
λDi(α),v(x(α))
≤
n∑
j=1
λDJ(v,α),j,v(x(α)) +
m−n+κ∑
j=κ+1
λDij(v,α),v(α)(x(α))
≤
n∑
j=1
λDJ(v,α),j,v(x(α)) +
m−n+κ∑
j=κ+1
λDij(v,α),v(α)(x(α)) + o(h(x(α)))
≤
n∑
j=1
λDJ(v,α),j,v(x(α)) +
m− n
κ
2κ∑
j=κ+1
λDij (v,α),v(α)(x(α)) + o(h(x(α)))
=
n∑
j=1
λDJ(v,α),j,v(x(α)) +
m− n
κ
κ∑
j=1
λDJ(v,α),j,v(x(α)) + o(h(x(α))) (3.6)
if m− n ≥ κ. Combine (3.5) and (3.6), we get
q∑
i=1
λDi(α),v(x(α)) ≤
n∑
j=1
λDJ(v,α),j,v(x(α)) + o(h(x(α)))
+
m− n
max{1,min{m− n, κ}}
n∑
j=1
λDJ(v,α),j,v(x(α)). (3.7)
From (3.7), we obtain
log
∏q
j=1
||x(α)||dv
||Qj(α)(x(α))||v
≤
(
m− n
max{1,min{m− n, κ}}
+ 1
)
log
∏n
j=1
||x(α)||dv
||PJ(v,α),j(α)(x(α))||v
+ o(h(x(α))).
This implies
log
q∏
j=1
||Qj(α)(x(α))||v (3.8)
≥
(
q −
(
m− n
max{1,min{m− n, κ}}
+ 1
)
n
)
d log ||x(α)||v
+(
m− n
max{1,min{m− n, κ}}
+ 1) log
n∏
j=1
||PJ(v,α),j(α)(x(α))||v + o(h(x(α))).
By Lemma 2.5, there exist homogeneous polynomials φ
J(v,α)
1 , . . . , φ
J(v,α)
HV (N)
(depend on
J(v, α)) in RA,Q[x0, . . . , xM ]N and functions u(N), v(N) (common for all J(v, α)) such
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that {φ
J(v,α)
i } a basis of RA,Q− vector space
RA,Q[x0, . . . , xM ]N
IA,Q(V )N
and
HV (N)∏
ℓ=1
φ
J(v,α)
ℓ − (PJ(v,α),1 . . . PJ(v,α),n)
deg V ·Nn+1
d(n+ 1)!
−u(N)
PJ(v,α) ∈ IA,Q(V )N ,
where PJ(v,α) ∈ RA,Q[x0, . . . , xM ] is a homogeneous polynomials of degree
deg V ·Nn+1
(n+1)!
+
v(N), v(N) = O(Nn). Thus, for all x(α) ∈ V (k), we have
HV (N)∏
ℓ=1
φ
J(v,α)
ℓ (α)(x(α)) =
( n∏
i=1
PJ(v,α),i(α)(x(α))
)deg V ·Nn+1
d(n+ 1)!
−u(N)
PJ(v,α)(α)(x(α)).
On the other hand, it is easy to see that there exist hJ(v,α) ∈ Cx such that
||PJ(v,α)(α)(x(α))||v
6 ||x(α)||
degPJ(v,α)
v hJ(v,α)(α)
= ||x(α)||
degV ·Nn+1
(n+1)!
+v(N)
v hJ(v,α)(α).
Therefore,
log
HV (N)∏
ℓ=1
||φ
J(v,α)
ℓ (α)(x(α))||v
6
(deg V.Nn+1
d(n+ 1)!
− u(N)
)
· log ||
n∏
i=1
PJ(v,α),i(α)(x(α))||v
+ log+ hJ(v,α)(α) + (
deg V.Nn+1
(n+ 1)!
+ v(N)) log ||x(α)||v
This implies that there are functions ω1(N), ω2(N) 6 O(
1
N
) such that
log ||
n∏
i=1
PJ(v,α),i(α)(x(α))||v
≥
( d(n+ 1)!
deg V.Nn+1
+ ω1(N)
)
· log
HV (N)∏
ℓ=1
||φ
J(v,α)
ℓ (α)(x(α))||v
−
( d(n+ 1)!
deg V.Nn+1
+ ω1(N)
)
log+ hJ(v,α)(α)− (d+ ω2(N)) log ||x(α)||v. (3.9)
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By (3.8) and (3.9), we have
log
q∏
j=1
||Qj(α)(x(α))||v (3.10)
≥
(
q −
(
m− n
max{1,min{m− n, κ}}
+ 1
)
(n+ 1)
)
d log ||x(α)||v
+
(
m− n
max{1,min{m− n, κ}}
+ 1
)(( d(n+ 1)!
deg V.Nn+1
+ ω1(N)
)
× log
HV (N)∏
ℓ=1
||φ
J(v,α)
ℓ (α)(x(α))||v
−
( d(n+ 1)!
deg V.Nn+1
+ ω1(N)
)
log+ hJ(v,α)(α)− ω2(N) log ||x(α)||v
)
+ o(h(x(α))).
We fix homogeneous polynomials Φ1, . . . ,ΦHV (N) ∈ RA,{Qj}qj=1 [x0, . . . , xM ]N such that
they form a basis of RA,Q− vector space
RA,Q[x0, . . . , xM ]N
IA,Q(V )N
. Then, there exist homoge-
neous linear polynomials
L
J(v,α)
1 , . . . , L
J(v,α)
HV (N)
∈ RA,Q[y1, . . . , yHV (N)]
such that they are linear independent over RA,{Qj}qj=1 and
φ
J(v,α)
ℓ − L
J(v,α)
ℓ (Φ1, . . . ,ΦHV (N)) ∈ IA,Q(V )N ,
for all ℓ = 1, . . . , HV (N). It is clear that h(L
J(v,α)
ℓ (β)) = o(h(x(β))), β ∈ A and A is
coherent with respect to {Lℓ}
HV (N)
ℓ=1 .
We have,
HV (N)∏
ℓ=1
||φ
J(v,α)
ℓ (α)(x(α))||v =
HV (N)∏
ℓ=1
||L
J(v,α)
ℓ (Φ1, . . . ,ΦHV (N))(α)(x(α))||v. (3.11)
We write
L
J(v,α)
ℓ (y1, . . . , yHV (N)) =
HV (N)∑
s=1
gℓrys, gℓs ∈ RA,Q.
Since L
J(v,α)
1 , . . . , L
J(v,α)
HN (V )
are linear independent over RA,Q, we have det(gℓs) 6= 0 ∈ RA,Q.
Thus, due to coherent property of A, det(gℓs)(β) 6= 0 for all β ∈ A, outside a fi-
nite subset of A. By passing to an infinite subset if necessary, we may assume that
L
J(v,α)
1 (β), . . . , L
J(v,α)
HV (N)
(β) are lineraly independent over k for all β ∈ A.
Now we consider the sequence of points F (α) = [Φ1(x(α)), . . . ,ΦHN (V )(x(α))] from A to
PHV (N)−1(k) and moving hyperplanes L := {L
J(v,α)
1 , . . . , L
J(v,α)
HN (V )
} in PHV (N)−1(k), indexed
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by A.We claim that F is linearly nondegenerate with respect to L. Indeed, ortherwise, then
there is a linear form L ∈ RB,L[y1, . . . , yHN (V )] for some infinite coherent subset B ⊂ A,
such that L(F )|B ≡ 0 in B, which contradicts to the assumption that x is algebraically
nondegenerate with respect to Q.
By Theorem A, for any ǫ > 0, there is an infinite subset of A (common for all J(v, α)),
denoted again by A, such that
∑
v∈S
log
HV (N)∏
ℓ=1
||F (α)||v||L
J(v,α)
ℓ (α)||v
||L
J(v,α)
ℓ (α)(F (α))||v
≤ (HV (N) + ǫ)h(F (α)), (3.12)
for all α ∈ A.
Combining with (3.10) and (3.12) we have
∑
v∈S
q∑
j=1
log
||x(α)||dv
||Qj(α)(x(α))||v
≤
(
m− n
max{1,min{m− n, κ}}
+ 1
)
(n+ 1)d
∑
v∈S
log ||x(α)||v + ω2(N)
∑
v∈S
log ||x(α))||v
+
(
m− n
max{1,min{m− n, κ}}
+ 1
)
(
d(n+ 1)!
deg V ·Nn+1
+ ω1(N))
×
∑
v∈S
log
HV (N)∏
ℓ=1
||F (α)||v||L
J(v,α)
ℓ (α)||v
||L
J(v,α)
ℓ (α)(x(α))||v
−HV (N)
(
m− n
max{1,min{m− n, κ}}
+ 1
)(
d(n+ 1)!
deg V ·Nn+1
+ ω1(N)
)∑
v∈S
log ||F (α)||v
+o(h(x(α))). (3.13)
Since the above inequality is independent of the choice of components of x(α), we can
choose the components of x(α) being S-integers so that∑
v∈S
log ||x(α)||v = h(x(α)) +O(1), and
∑
v∈S
log ‖F (α)‖v ≤ h(F (α)) +O(1) ≤ Nh(x(α)) +O(1). (3.14)
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Combining with (3.13) and (3.14), we obtain
∑
v∈S
q∑
j=1
log
||x(α)||dv
||Qj(α)(x(α))||v
≤
(
m− n
max{1,min{m− n, κ}}
+ 1
)
(n+ 1)dh(x(α)) + ω2(N)h(x(α))
+
(
m− n
max{1,min{m− n, κ}}
+ 1
)( d(n+ 1)!
deg V ·Nn+1
+ ω1(N)
)
(HV (N) + ǫ)h(F (α))
−HV (N)
(
m− n
max{1,min{m− n, κ}}
+ 1
)( d(n+ 1)!
deg V ·Nn+1
+ ω1(N)
)
h(F (α))
+o(h(x(α)).
Hence, we obtain
∑
v∈S
q∑
j=1
log
||x(α)||dv||Qj(α)||v
||Qj(α)(x(α))||v
(3.15)
≤
(
m− n
max{1,min{m− n, κ}}
+ 1
)
(n + 1)dh(x(α)) + ω2(N)h(x(α))
+ǫ
(
m− n
max{1,min{m− n, κ}}
+ 1
)( d(n+ 1)!
deg V.Nn+1
+ ω1(N)
)
h(F (α)) + o(h(x(α))).
Here, we note that h(Dj(α)) = o(h(x(α))) and there is only finite points x such that h(x)
is bounded, combining (3.14) and (3.15), for any ε > 0, by our choice with ω1, ω2 for N
large enough, we get
∑
v∈S
q∑
j=1
log
||x(α)||dv||Qj(α)||v
||Qj(α)(x(α))||v
≤
((
m− n
max{1,min{m− n, κ}}
+ 1
)
(n+ 1) + ε
)
dh(x(α)),
for all α ∈ A outside finite set. This completes the proof of Theorem 1.6.
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